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1. INTRODUCTION
The partial functional differential equationboundary value problem,
  2
u x , t  k u x , t  ru x , t T 1 u x , t ,Ž . Ž . Ž . Ž .2 t  x
1t 0, 0 x  , Ž .
u 0, t  u  , t  0, t 0,Ž . Ž .
u x , s   x , s , T s 0, 0 x  ,Ž . Ž .
 	was discussed in 1 as a model for population density with a time delay
 	and self-regulation. In 1 an attempt was made to explain oscillations in
numerical simulations as being a Hopf bifurcation phenomenon. In this
paper we prove that a much simpler behavior should have been observed,
namely the convergence to a nontrivial time-independent equilibrium.
In Section 2 we establish the stability of u 0 for r k. Note that 1,
	Sect. 3 discussed the stability of a different partial functional differential
Ž .equation, specifically that in Eqs. 13 found in Section 5, and only for r
3 k. Effectively, the growth rate r is a bifurcation parameter when4
passing through the value k. In Section 3 we establish the convergence to a
nontrivial time-independent equilibrium for r k. Numerical simulations
in Section 4 illustrate Theorem 3.2. In Section 5, we establish that Eqs.
Ž .  	13 have stability of u 0 in C 0, for r k.
 	Good general references for functional differential equations include 3
 	and 5 . Good general references for partial functional differential equa-
 	  	tions include 8 and 9 .
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2. STABILITY OF u 0 FOR r k
Ž .Equations 1 can be considered as a special case of the abstract
semilinear functional differential equation
d
u t  Au t  F u , t 0Ž . Ž . Ž .t 2Ž .dt
u  
C ,0
where A is the infinitesimal generator of any analytic semigroup of linear
 	  operators on the Banach space X C 0, with the usual  norm, F
is an X-valued nonlinear operator defined by
F u  ru , t T 1 u , tŽ . Ž . Ž .˙t
Ž 	 .on C C T , 0 ; X , and u 
C is defined byt
 	u   u , t  for 
 T , 0 .Ž . Ž .˙t
Here, the domain of A is
D A  y
 X : y
 X , y 0  y   0 , 4Ž . Ž . Ž .
 Ž .and Ay y for y
D A .
In our particular problem, uniqueness, local existence, and global con-
 	tinuation are straightforward, as in 9 . So, for all initial data u 
C a0
Ž .solution of 2 exists on a maximal interval of existence 0 t t , and if
 t   then Lim u  . t t  t
THEOREM 2.1. If r k, then 0
C is asymptotically stable.
2 Ž .Proof. Let   kn , n 1, 2, . . . be the eigenvalues of A : D A n
 	  	  	X X. As in 6 , 8 , and 9, Sects. 2.2, 4.4 , it will suffice to show that all 	
satisfying the characteristic equations
	 kn2 re	T 3Ž .
Ž . Ž have Re	 0. Equation 3 has been studied extensively see 5, Appendix
	. Ž .A . Rewrite 3 as
z a e z b 0,Ž .
where z 	T , a kn2T , and brT. We know that a1, and
a b 0 because r k. So, two of the three necessary and sufficient
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conditions for all Re	 0 are easily observed. The third condition is to
have b 
 sin 
 a cos 
 , where 
 is the unique root of 
a tan 

with 0 
  . Because r 0 and 0 
  , rT sin 
 
 , and so
rT 
sin 
 
 sin 
 
 cos2 
sin 
 
 sin 
 a cos 
 , because 

a tan 
 .
3. STABILITY OF A UNIQUE EQUILIBRIUM FOR r k
 	In 1, Sect. 4 it was conjectured that a Hopf bifurcation occurs for
r k. This is not true, as will be shown in this section and as will be
illustrated by numerical simulations in Section 4.
On the contrary, as r increases beyond k, 0
C loses stability in favor
 Ž . Ž .of a unique equilibrium solution u  N, where NN x is thet
solution of the ordinary differential equationboundary value problem
Ž .ODE-BVP ,
kN  rN x 1N x  0, 0 x  ,Ž . Ž .
4Ž .
N 0 N   0.Ž . Ž .
 	In 2 , it was shown that if r k then positive N exists, is unique, and
Ž . Ž .satisfies 0N x  1. In fact, if r k, then our Eqs. 1 have the
properties that
 the linearization about 0
C has a positive eigenvalue,
 3
 u is asymptotically stable, as long as 0 T , and2 r
 there is no pair of imaginary eigenvalues for the linearization about
0
C , for 0 r k sufficiently small.
THEOREM 3.1. If r k, then the linearization about 0
C has a positie
eigenalue.
Ž . Ž .Proof. Rewrite the characteristic equation 3 for n 1 as r  	 ˙
Ž . 	T	 k e for real 	. Calculus shows that if r k then there is a unique
Ž . Ž Ž . . 	Treal eigenvalue 	. We have  	  1 	 k T e , so  has a unique
negative minimum,  goes to zero as 	, and   as 	 .
Ž .We note that the characteristic equation 3 for any n has a unique
positive eigenvalue for r kn2, but that n 1 gives the strongest positive
eigenvalue.
THEOREM 3.2. If r k, then u is asymptotically stable, as long as
30 T .2 r
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 	Proof. Our proof is similar to work in 4, pp. 2326 . The linearization
Ž .   Ž . Ž .of 1 about u , where u  N and NN x is the solution of thet
Ž .ODE-BVP 4 , is
  2
 x , t  k  x , t  r 1N x  x , t TŽ . Ž . Ž . Ž .Ž .2 t  x
5Ž .rN x  x , t , t 0, 0 x  ,Ž . Ž .
 0, t   , t  0, t 0,Ž . Ž .
Ž . 	t Ž .Separable solutions  x, t  e  x satisfy˙
	 x  k  r 1N x e	T xŽ . Ž . Ž .Ž .
rN x  x , 0 x  , 6Ž . Ž . Ž .
 0     0,Ž . Ž .
i.e.,
 	T 	Tk  r 1N x  	 rN x e  r 1 e  xŽ . Ž . Ž . Ž .Ž . Ž .
7Ž . 0, 0 x  ,
 0     0.Ž . Ž .
Ž .We will show that 7 has no eigenvalues 	 with Re	 0, in two cases.
Ž . Ž .Case 1. If 7 has a real nonnegative eigenvalue 	 with nontrivial  x ,
Ž . 	T Ž 	T .then the Sturm Comparison Theorem and 	 rN x e  r 1 e
 0 on 0 x  yield a contradiction: the solution  of the comparison
 Ž Ž .. Ž . Ž .ODE k  r 1N x  x  0 must have at least one zero on 0, ,
Ž .but N is positive on 0, .
Ž .Case 2. If 6 has an eigenvalue 	  i with  0 and  0
Ž . Ž .with nontrivial  x , then we multiply 6 through by  x , integrate byŽ .
Ž . Ž .parts, and use  0     0 to get
 20k  x dxŽ .H
0
 2	T r 1N x e  rN x   i  x dx . 8Ž . Ž . Ž . Ž .Ž .H
0
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Ž .The negative of the imaginary part of 8 is
 2T0 r 1N x e sin T   x dx . 9Ž . Ž . Ž .Ž .H
0
Ž .Because 0N x  1, r 0, and  0, it follows that sin T 0, and
hence
T  .
Ž .Also, the real part of 8 is
 20k  x dxŽ .H
0
 2T r 1N x e cos T rN x    x dx ,Ž . Ž . Ž .Ž .H
0
Ž .so 0N x  1 implies cos T 0, so T  implies
3
T . 10Ž .
2
Ž . Ž Ž .. T ŽNow,  0 and 0  N x  1, so 1 N x e  1 and 1
3T TŽ .. Ž Ž ..N x e sin T1; hence  r 1N x e sin T  r 2T
3Ž . r 0 by 10 and the hypothesis 0 T . This gives a contradiction2 r
Ž .in Eq. 9 .
The two theorems above do not rule out the existence of a local Hopf
bifurcation for r k. The next result does, in part.
THEOREM 3.3. If 0 r k is sufficiently small then there is no pair of
imaginary eigenalues for the linearization about 0
C.
Ž .Proof. Suppose 	 i satisfies 3 for some n and some  0. The
Ž .real part of 3 gives
kn2
 cos T , 11Ž .
r
Ž .and the imaginary part of 3 gives

 sin T ; 12Ž .
r
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2 Ž .hence tan Tkn . But 3 gives
2  iT  2  2  2 2 2 4r  re  i kn    k n .
For r k  , where  is a small positive real number,
 2 r 2 k 2 n4 k 2 1 n4  2k  2 .Ž .
'Immediately, we must have that n 1 and 	 2k . But then tan TŽ .
2 0 for sufficiently small  , contradicting Tkn  0.
4. NUMERICAL SIMULATIONS
Ž . Ž .We used the same value s of parameter s as in the five examples found
 	 Ž . Ž . Ž .in 1, Sect. 5 . We observed that the solution of Eqs. 1 , u x, t N x as
t , which is consistent with Theorem 3.2. We used an explicit finite
Ž .difference approximation of 1 . We did not observe ‘‘oscillations’’ or
 	‘‘secondary bifurcations’’ as discussed in 1 , perhaps because our time step
 t was small enough to satisfy the von NeumannGoldstine criterion
Ž .2k  t  x  0.5 for the heat equation
  2
u x , t  k u x , t .Ž . Ž .2 t  x
Ž .Throughout, let the initial data be   , x  sin x, for 0 x  .
Figures 13 all used delay T 0.51 and k 6.35, with r 6.36, r
6.49, and r 10, respectively. In the examples shown in Figs. 1 and 2, the
delay, T 0.51, was small enough to satisfy the sufficient condition of
Theorem 3.2, and the numerical simulations agreed with the conclusion of
Theorem 3.2. The example shown in Fig. 3 had k 6.35, r 10, and
3delay, T 0.51, which was slightly larger than ; even though this did not2 r
agree with the sufficient condition of Theorem 3.2, the numerical simula-
tions agreed with the conclusion of Theorem 3.2.
Ž . Ž .The maximum value of the solution N x of the ODE-BVP 4 changes
r 	  as rk increases, as in 2, 4 : N decreases as  1 . In fact, using the k
3  r1.5Ž . Ž . Žmethod of LiapunovSchmidt, one can conclude that N x  4 2 k
r. Ž .1 sin x as  1 .k
With  x 0.0357, but with delay T 0.21 and diffusion rate k 1.5,
for Fig. 4a and 4b we used parameter values r 11.7 and r 12, respec-
tively. Again, the delay was small enough to satisfy the sufficient condition
Ž . Ž . Ž .of Theorem 3.2. As in Figs. 13, the solution of Eqs. 1 is u x, t N x
as t .
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FIG. 1. Convergence to a nontrivial equilibrium for T 0.51, k 6.35, r 6.36.
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FIG. 2. Convergence to a nontrivial equilibrium for T 0.51, k 6.35, r 6.49.
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FIG. 3. Convergence to a nontrivial equilibrium for T 0.51, k 6.35, r 10.
 	The first two of the five simulation pictures found in 1 agree partially
 	with our simulations, and the last three of the simulations found in 1
significantly disagree with ours. Our Fig. 1, for T 0.51, k 6.35, and
Ž . Ž .r 6.36, shows u x, t N x as t . Figure 1a, with  x 0.0357,
Ž .shows u x, t monotone decreasing in t, for the five times t 0.0153,
0.3404, 1.6852, 11.5054, and 30.1159. Figure 1b, with  x 0.0714 to keep
Ž .the CPU time reasonable, shows u x, t continuing to converge monotoni-
Ž .  cally to N x , with N  0.00486, for the 10 times t 236, 274, 318,
 366, 419, 477, 540, 609, 685, and 767. While N agrees with the limit in
 	the simulation in 1 , we did not observe ‘‘that the solution is oscillatory.’’
Our Fig. 2, for T 0.51, k 6.35, and r 6.49, agrees completely with
 	  the simulation in 1 , including having N  0.0274. Figure 2a, with
Ž . x 0.0357, shows u x, t monotone decreasing in t, for the five times
t 0.0153, 0.83, 5.02, 22.5, and 64. Figure 2b, with  x 0.0714, shows
Ž . Ž .u x, t continuing to converge monotonically to N x , for the 11 times
t 50, 64, 80, 98, 119, 143, 170, 201, 236, 275, and 318.
Ž .Our Fig. 3 , for T 0.51, k 6.35, and r 10, shows convergence to
Ž .  N x as t . We did not observe any oscillations and N  0.42, both
 	of which strongly disagree with the conclusions in 1 .
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FIG. 4. Convergence to a nontrivial equilibrium for T 0.21, k 1.5.
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Our Figs. 4a and 4b, for T 0.21, k 1.5, and r 11.7 and r 12,
Ž .respectively, each show convergence to N x as t . We did not observe
 	oscillation or ‘‘secondary bifurcation,’’ contrary to the conclusions in 1 .
Note that the examples in Fig. 4a and 4b both satisfy the sufficient
condition of Theorem 3.2.
5. EXPONENTIAL DECAY FOR r k VIA THE
MAXIMUM PRINCIPLE
 	Here we establish exponential decay in X C 0, when r k for
 	another PFDE-BVP considered in 1 :
  2
u x , t  k u x , tŽ . Ž .2 t  x
0
ru x , t 1 u x , s t d s ,Ž . Ž . Ž .H 13Ž .T
t 0, 0 x  ,
u 0, t  u  , t  0, t 0,Ž . Ž .
u x , s   x , s , T s 0, 0 x  ,Ž . Ž .
Ž .where it is assumed that  is bounded and nondecreasing. Because 13
was motivated by a model in which u is a population density under the
influence of delayed self-regulation, we will be interested only in solutions
Ž .satisfying 0 u x, t  1.
1 	 Ž . Ž .LEMMA 5.1. If f
 C 0, and f 0  f   0, then there exists a
Ž .constant M such that M sin x f x for 0 x  .
M   M Ž . 4Proof. Choose M such that  max f x : 0 x ,  2 3 2
 '2 M 3  2 Ž . 4  Ž . 4min f x :  x  , and max f x :  x . The first con-3 2 3 3
 Ž .  	 Ž .dition gives M cos x f x on 0, , so f 0  0 sin 0 implies M sin x3
  2Ž .  	 Ž .  	 f x on 0, . The third condition gives M sin x f x on , . The3 3 3
 2 Ž .  	second condition gives M cos x f x on ,  ; hence M sin x Hx3
 Ž . Ž .M cos s ds H  f s ds f x .x
Ž .THEOREM 5.2. If r k and u x, t is a nonnegatie classical, i.e.,
 2 		 Ž .C 0, t ; C 0, , solution of 13 , then there exists a constant M such that
Ž kr . tu , t Me , 0 t .Ž . 
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Ž . 0 ŽProof. Given such a solution u, define b x, t  1 H u x, tT
. Ž .s d s . Then u also satisfies the parabolic PDE problem
  2
u x , t  k u x , t  b x , t u x , t , t 0, 0 x  ,Ž . Ž . Ž . Ž .2 t  x
u 0, t  u  , t  0, t 0,Ž . Ž .
u x , 0  f x , 0 x  ,Ž . Ž .
Ž . Ž .where f x   x, 0 , 0 x  .
Ž . Ž . Ž kr . tWe will compare u x, t with  x, t M sin xe , where the con-˙
Ž .stant M is as in Lemma 5.1. Because 0 u x, t and  is nondecreasing,
Ž .b x, t  1. It follows that
  2
 x , t  k  x , t  rb x , t  x , tŽ . Ž . Ž . Ž .2 t  x
  2
  x , t  k  x , t  r x , tŽ . Ž . Ž .2 t  x
 0
  2
 u x , t  k u x , t  rb x , t u x , t ,Ž . Ž . Ž . Ž .2 t  x
Ž . Ž .and  x, 0 M sin x f x , 0 x  . A well-known comparison theo-
Ž  	. Ž . Ž .rem see, e.g., 7, p. 94, Theorem 10.2 implies  x, t  u x, t  0.
Suppose  is a nice bounded domain in m, and let 	 be the smallest0
eigenvalue of the Dirichlet Laplacian, i.e., U  	 U  0 in  and0 0 0
U  0 on . Lemma 5.1 and Theorem 5.2 generalize to0
1 2Ž .  Ž .	THEOREM 5.3. If r k	 and nonnegatie u x, t 
 C 0, t ; C 0 
soles
 0
u x , t  k u x , t  ru x , t 1 u x , s t d s ,Ž . Ž . Ž . Ž . Ž .H
 t T 14Ž .
x
 , t 0,
u x , t  0, x
  , t 0,Ž .
then there exists a constant M such that
Ž kr . tu , t Me , 0 t .Ž . Ž .C 
A PARTIAL FUNCTIONAL DIFFERENTIAL EQUATION 13
Theorem 5.3 follows from
1Ž .LEMMA 5.4. If f
 C  and f 0 on , then there exists a constant
Ž . Ž .M such that M  U x  f x for x
.0
Ž Lemma 5.4 follows from the boundary point lemma see, e.g., 7, p. 69,
	.Theorem 8.6 , which shows that U  0 on , and then one can0
decompose  into the union of a subset of the interior of  and a ‘‘shell’’
which includes , similar to what was done in one space dimension in
the proof of Lemma 5.1.
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